Some years ago, Yamanaka, Oshikawa, and Affleck [1] extended the Lieb-Schultz-Mattis theorem on low-lying excitations [2] to one-dimensional electron systems. In [1] , however, only the finite volume version of the theorem was explicitly proved, and (physically important) infinite volume version was only announced. Since their theorem is still one of the few physically interesting rigorous results in itinerant electron systems, it seems necessary to state and prove the infinite volume version (see [3] ).
for the up-spin electrons. Consider the density fluctuation f (L) = {ρ L − (ν/2)} 2 = (LP )
LP −1 j,j ′ =0 n j,↑ n j ′ ,↑ − n j,↑ n j ′ ,↑ . We have noted that there are M up-spin-electrons in the unique ground state. We assume that f (L) → 0 as L → ∞. Otherwise there is a long range charge order, and we have the situation i) above.
Let U = exp{2πi
is the Gauss symbol. We define our trial state as Ψ = UΦ 0 . Let T be the translation by P . Then we see that
From the Schwarz inequality we get
For each ν such that P ν/2 is not an integer, we can choose constants 0 < α < 1 and β > 0 such that {cos(2πP x) + 1}/2 ≤ α + β{x − (ν/2)} 2 holds for any real x. Then (1) implies
where δ > 0 is a constant. The final bound is valid for sufficiently large L. Unlike in [4] we are not able to show that Ψ and Φ 0 are orthogonal. But the above weaker estimate is sufficient for our purpose. Decompose the trial state Ψ as Ψ = 1 − |ε| 2 Ψ ′ + εΦ 0 , with ε = Φ 0 , Ψ , Ψ ′ , Ψ ′ = 1, and Ψ ′ , Φ 0 = 0. Ψ ′ is our new trial state. We have Ψ, HΨ = (1 − |ε| 2 ) Ψ ′ , HΨ ′ + |ε| 2 E GS , where E GS is the ground state energy. On the other hand, the standard estimate as in [1] shows Ψ, HΨ ≤ E GS + (γ/L), with some constant γ. By combining these two, and using |ε| 2 ≤ 1 − δ (which is (2)), we get
which shows the existence of the desired low lying excitation with a large but finite support of length L. Then, by following the argument in [4] , we see that only i) or ii) is possible. Note that, although we have already separated the case with a long range charge order, there still is a possibility that the system develops other types of ordering. Unfortunately the present argument is not strong enough to specify the type of ordering or to distinguish between the cases i) and ii). I thank Ian Affleck , Tohru Koma, Masaki Oshikawa, and Masanori Yamanaka for useful discussions.
